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a ,  o~, /~, "y 
G(r - ro, T - t) ,  

5(r  - r0, r -  t) 
q(r ,  T) 

a re  the given functions;  
~s the p rob lem domain;  
is the sur face  bounding D; 
xs the domain congruent  with D; 
xs the su r face  congruent  with S; 
xs the sur face  e x t e r i o r  to B; 
xs the outward no rma l  to a sur face ;  
is the point on the sur face  S; 
a re  the p a r a m e t e r s ;  
is the G r e e n ' s  function for unbounded space;  
is the Di rac  delta function; 
is the function, nonvanishing only on the sur face  F. 
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L I N E A R  D E F I N I N G  E Q U A T I O N S  IN H E A T - C O N D U C T I O N  

T H E O R Y  W I T H  F I N I T E  T H E R M A L - 1 9 E R T U R B A T I O N  

V E L O C I T Y  

V.  L .  K o l p a s h c h i k o v  a n d  A.  I .  S h n i p  UDC 536.2:536.7 

A modif icat ion to the genera l  theory  of hea t  conduction with finite t h e r m a l - p e r t u r b a t i o n  ve loc i ty ,  
in whicta the l inear  defining equations a re  not the rmodynamica l ly  forbidden is proposed.  

In [1] Gurt in  and Pipkin developed a genera l  t he rmodynamic  theory  of hea t  conduction a s suming  p ropaga -  
tion of the t h e r m a l  pe r tu rba t ions  at finite veloci ty.  In the f r a m e w o r k  of this theory ,  they cons idered  l inear  de-  
fining equations which lead to a l inear ized  heat -conduct ion equation - in fact ,  an equation of hyperbol ic  type. 
However ,  the re la t ion  between the heat  flux i t se l f  and the in ternal  ene rgy  in this theory  is not sa t is f ied by the 
l inear  defining equations cons idered  in [1], and t he re fo re  the resu l t ing  l inear ized  heat-conduct ion may only be 
used with g rea t  inaccuracy ,  as a ve ry  rough guide. 

The p r e s e n t  paper  outl ines a modif icat ion of the G u r t i n -  Pipkin theory  such that  the l inear  defining equa-  
t ions (in fac t ,  in t e r m s  of new independent va r iab les )  a re  not the rmodynamica l ly  forbidden. 

In the Gurt in-19ipkin theory the defining equations specify at  some point x and t ime  t the values  of the f r ee  
energy  ~, en t ropy 7, and hea t  flux q,  in t e r m s  of the t e m p e r a t u r e  at t ime  t,  the total  h i s to ry  of the t e m p e r a t u r e  
~ t ,  and the total  h i s to ry  of the t e m p e r a t u r e  gradient  ~t 

r ~ ( ~ ,  ~t, ~), 

~l : ~l (8,  ~t, gt), (1) 

q = ~ (~ ,  ,~t g~). 

The total  h i s to r i e s  ~t and ~t a re  defined as follows: 
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~-, (s) = .i '~' (z) d~., ~' (~) = .[ g' (~.) d~., (9) 
0 0 

where  ~t(~) = ~(t - ~) and gt(~) = g(t - ~) are  the h i s to r i e s  of the t empera tu re  and the t empera tu re  gradient.  

The in ternal  energy  e(t) is de te rmined  f r o m  the re la t ion  

e(t) = ~,(t) + ~ (t) n (t)= e O, ~' ~'). (3) 

Also in [1], the norm on the set  of functions ~ ( .  ) an t i , t ( . )  which is the region of definition of the func- 
t ionals in Eq. (1) was int roduced,  using some influence function h(- ). In t e r m s  of this t e r m ,  the F r e c h e t  con- 
t inuity and cont inuous-different iabi l i ty  conditions were  formula ted  the requ i red  number  of t imes  for  the func- 
t ionals in Eq. (1). Under these assumptions  Gurtin and Pipkin showed that Eq. (1) sa t isf ies  the second law of 
thermodynamics  in the fo rm  of the C laus iu s -Du h em  inequality 

t 
~ + Orl+ -~-- g.q ~ 0  (4) 

if and only if 

a) the ent ropy and flux a re  completely de te rmined  f ro m  the f r e e - e n e r g y  functional using the re la t ion 

(0, @t, .gt) = _ D~ ~ (@, 0', ~t), 

~({), ~,, ~t) = ~ ~6g~(~, ~t  -tgj I +); 

(5) 

(6~ 

b) fo r  all  the pe rmi t t ed  ~(. ) and g(. ) the following dissipation re la t ion holds 

~ ~ (~, ~', ~l~  ~ - ~ (0 v )  + 8~ ~ (~, ~ ,  g'lg')/> o,  (7) 

where  D~ is the different iat ion opera to r  with r e sp ec t  to ~, 5~ and 5g are  the F reche t  der iva t ives  with r e spec t  
to ~t and gt, respec t ive ly ;  1 + is a function whose value is  1 for  all s6[0 ,  ~). 

Operat ing on the lef t -hand and r ight-hand s ides  of Eqs.  (3) and (5) with the opera tor  5g and on Eq. (6) with 
the ope ra to r  D~ and combining Eqs.(5),  (6), and (3) gives (since 5g and D~ are  commutative) 

Gurt in and Pipkin showed that fo r  i so t ropic  ma te r i a l  the defining equations for the internal  energy  and 
hea t  flux should take the fo rm 

e (t) = e o -}- d} (t) -}- .[ a' (s) ~t (s) ds, (9) 
0 

g (t) = i k' (~) ~' (s) ds, (1o) 
0 

where  e 0 is the measu red  internal  energy;  ~(s) and k(s) a re  re laxat ional  functions; c = const is the instantaneous 
heat  capacity.  It is quickly evident  that Eqs. (9) and (10) do not sat isfy Eq. (8) for  any nonzero heat  flux and 
hence a re  thermodynamica l ly  forbidden. 

In [2] the thermodynamic  theory of heat  conduction for  solids with m e m o r y  was somewhat modified by 
introducing a nonstandard set  of thermodynamic  var iab les .  This  gave a cer ta in  advantage in the analysis  of 
the l inear  defining equations.  It appears  that  an analogous modification in the case of the p resen t  theory would 
give an additional benefit :  The l inear  defining equation would no longer be forbidden. 

The independent va r iab les  chosen a re  the inverse  t empera ture*  0 = 1/~, the total  h i s to ry  of the inverse  
t empera tu reOt ( . ) ,  and the total  h i s to ry  of the inverse  t empera tu re  gradient  ~ t  ( . ) .  In addition, a new inde- 
pendent thermodynamic  var iab le  is introduced: the thermodynamic  potential  @, defined as follows: 

@= %b _eO_~]. (Ii) 

*Somet imes called the "coldness ."  
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By analogy with Eq. (1), the defining equations for this case are 

r = ~(0, 0 f, fit), 

e =  e(0, 0 t, Gt), (12) 

q = o t, oq. 

Using Eq. (11) and the definition 0 = 1/~r the Claus ius -Duhem inequality in Eq. (4) may be t r ans fe r red  to give 

e0 - -O  + q.(i ~-~ 0. (13) 

Then, retaining the assumption made by Gurtin and Pipkin with respect to the defining functionals in 
Eq. (12), i t  may be shown, by s imilar  a rguments ,  that Eq. (12) sat isf ies  the Claus ius -Duhem inequality in 
Eq. (13) if and only if: 

a) The internal  energy and the heat  flux are completely determined f rom the thermodynamic-petent ial  
functional �9 by the relat ion 

(0, ~t, fit) = De ~ (0, 0 t, fit), 

(0, 0 t, G t) = 5o �9 (0, 0L Oq; 

b) for all the permit ted 8 (-) and G( - ) the following dissipatove inequality holds 

6o q) (0, 0 t, Oq0t _ 0 (t) I +) § 5G �9 (0, 0 t, O t Ifi t) ~ 0. 

Then the relat ion analogous to Eq. (8) for the present  case is 

D0q(0, 0 t, 09 = 6Ge(0, 0 t, Gtll+) 

For  an isotropic mater ia l ,  as above, Eq. (12) reduces to the following: 

(14) 

(15) 

(16) 

(17) 

e =-e o +-cO (t) + .i~' (s)Ot(s)ds, (18)  
0 

q = .t- ~' (s) ~,t (s) ds, 
o (19) 

which is always consistent with Eq. (17), in contrast  to what was found with Eqs. (18), (19), and (10). 

Substituting Eqs. (18) and (19) into the energy equations leads to a l inear ized heat-conduction equation of 
hyperbolic type, which is of the same form as the Gurtin-l~ipkin equation but does not violate thermodynamics.  
It is only necessary  to r emember  that this equation, unlike the Gur t in -P ipk in  equation, descr ibes  the inverse-  
temperature  field. 

There  is another difference between the modified theory and the Gur t in -P ipk in  theory. 
theory,  the calculation of the tempera ture-wave velocity gives (see Eqs. (6.8) and (6.9) in [1]) 

In Gur t in -  Pipkin 

(20) U = U o 1 / 1  § m 2 + m), 

where 
r - -  

v n.a (21) Uo= - T - '  

n is the normal  to the wavefront,  and 

a = --6gq(~, Or, gqn 1+), 

c = De e (~, ~t, ~t), 

1 {Sge(@,~t, g t Inl+)§ ~ - g . n } .  
m = -U0  

(22) 

(23) 

(24) 
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For the modified theory, the temperature-wave velocity is again described by Eqs. (20) and (21), but in this 
case the definitions of a, c, and m are as follows: 

a - - - - ~ ( o ,  o', O'ln 1+), (25) 

c ---- D e e (0, ~t, ~at), (26) 

m = 8ge(0, 0 t, c Grin 1+)" (27) 

In [1], Eqs. (20)-(24) fo rmed  the basis  fo r  the conclusion that ff 

~tge (0, 0 t, gin 1 +) = 0 (28) 

fo r  all n,  the t e m p e r a t u r e - w a v e  veloci ty  in the d i rec t ion  of q was l a rg e r  than in the d i rec t ion - q .  Thus, this 
veloci ty  is not s imply a p rope r ty  of the ma te r i a l  but is a function of  the p rocess .  As follows f rom Eqs. (25)- 
(27), this ef fect  is absent  f r om the modified theory  and, when only Eq. (28) is sat isf ied (if, for  example ,  the 
ma te r i a l  has a cen ter  of symmet ry ) ,  U = U 0. The veloci ty  U 0 may be regarded  in the normal  sense as a cha r -  
a c t e r i s t i c  of the ma te r i a l  since calculat ions of U 0 re ta in ing only the main l inear  t e r m s  give a constant which 
depends solely on the t empera tu re .  

It  should be emphas ized  that the di f ference of pr inciple  between the two theor ies  are  conf i rmed by e x p e r i -  
mental  ver i f ica t ion.  
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H E A T  T R A N S F E R  IN S E M I I N F I N I T E  R E G I O N  W I T H  

V A R I A B L E  P H Y S I C A L  P A R A M E T E R S  

Y u .  I .  B a b e n k o  UDC 536.24.02:517.9 

A method is proposed  for  the de te rmina t ion  of the nonsteady t empera tu re  f ield in a semiinfini te 
region with var iable  physical  p rope r t i e s .  

The heating of a semiinfini te  region with var iab le  physical  p a r a m e t e r s  in the coordinate and the t ime,  
for  ze ro  initial condit ions,  may be desc r ibed  by the following equation 

[ 0 t ) ] r = 0  0<x<oo.  (1) [ at ax ~ J 
T[x=0=T0(t); TIx=~=0;  T i t : 0 = 0 .  

It  is r equ i red  to find the t e m p e r a t u r e  f ield T(x, t). 

E a r l i e r ,  fo r  an analogous p rob lem,  only the t empera tu re  gradient  a t  the boundary (ST/Sx)x= 0 was found 
[1, 2]. 

The total  solution of Eq. (1) will be sought in the fo rm of a functional se r i e s  

T = ~ c~ (x, t) D -n/~ e-~D1/~T o (t). (2) 
n=O 
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